We theoretically investigate the use of an isolated attosecond vacuum ultraviolet (VUV) pulse to control the emergence of multiple wave-packet rescatterings in the process of high-harmonic generation (HHG). Through numerical solution of the time-dependent Schrödinger equation for a He atom driven by 0.8-2.0-μm light, we establish the relationship between evidence of multiple rescatterings in HHG and the time delay between the VUV and infrared pulses. We find features of multiple rescatterings present in both the time and frequency domains of emitted HHG, and demonstrate the use of VUV-induced multiple rescatterings for generating trains of ultrashort light pulses.
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I. INTRODUCTION
The nonlinear interaction of intense femtosecond lasers with gases yields high-energy coherent light in the form of odd harmonics of the fundamental driving field. The resultant light pulses, emitted with attosecond duration [1] [2] [3] [4] , can be used to probe and manipulate ultrafast electronic processes [5, 6] . Recent experiments have investigated driving HHG with midinfrared light, and thus extending the harmonic plateau to keV energies [7] . At these longer wavelengths, it has been proposed that electrons which rescatter multiple times from a parent ion play an important role [8] , and furthermore may open a way of producing zeptosecond waveforms [9] . However, the detection and resolution of light on the zeptosecond time scale as a route to confirm the presence of these multiple rescattering events poses a challenge to current experimental techniques.
As shown previously, the interrogation of the process of high-harmonic generation (HHG) production can be achieved through the application of a second color of light to the traditional three-step model of HHG [10, 11] [cf., Fig. 1(a) ]. Through the use of an attosecond pulse train (APT), the excursion distance of an electron wave packet (whether it follows a long or short trajectory to recombine with a specific energy) may be controlled [12, 13] . In the form of an isolated pulse or as an APT, this additional light has been theorized [14, 15] and experimentally demonstrated [16, 17] to enhance the HHG signal. APTs have been used to replace tunnel ionization entirely as a mechanism for electron release, inducing HHG even when the driving laser field strength is insufficient to allow tunnel ionization [18] . In addition, isolated pulses have been studied as a means to filter for and to resolve short and long trajectories on a single-atom scale [19, 20] .
In this paper, we investigate an extension of these schemes towards verifying the existence of multiple rescatterings via the control afforded by using an isolated pulse of vacuum ultraviolet (VUV) light. By gating the moment of ionization through the application of the additional light, we demonstrate the selective release of electrons into trajectories which revisit the parent nucleus several times and examine the single-atom * mrmiller@jila.colorado.edu signatures of multiple rescatterings in both the temporal and frequency domains of the generated radiation. We additionally analyze a way of employing this technique to advance the frontier of ultrashort light pulse production through the use of two VUV pulses.
II. VUV-CONTROLLED HHG SCHEME
In this section we discuss the application of a control scheme based on the gating of electron emission to induce single versus multiple rescattering events. In addition, we present the methods used for the implementation of the scheme in numerical calculations.
A. Concept
Based on proposals in previous works [12] [13] [14] [15] [16] [17] [18] [19] [20] , we assert control over the HHG yielded from our system by adding a VUV pulse to interrogate the traditional HHG process [ Fig. 1(a) ]. The target atom, prepared in its ground state, is exposed to an intense infrared (IR) driving laser field. The intensity of this field is tuned to be insufficient for depletion of population from the ground state. An isolated ultrashort VUV light pulse is introduced at a controlled delay time with respect to the IR field, transferring population into excited states that can be depleted by the driving laser. Thus, the transferred population rapidly transitions into the continuum and is propagated in the laser field until recombining with the parent ion and emitting the HHG. In this framework, the time of ionization is gated by the application of the VUV field, so that the time of ionization becomes an accessible and controllable quantity.
The importance of the time of ionization to the multiple rescattering process is readily understood by considering the classical propagation of an electron in a driving laser field [11] . In Fig. 1(b) , we consider ionization times throughout one half cycle of the driving field. For each ionization time considered, we then calculate all times of subsequent crossings of zero position. Three separate regimes are evident: (i) an interval of time delays for which no rescattering trajectories are evident, (ii) a second interval generating electrons that rescatter multiple times, and (iii) a third interval of trajectories that will only revisit the parent ion once. Thus, the mediation of ionization via the VUV pulse should lead to control over the production of multiple rescattering trajectories.
B. Calculation methods
We proceed by solving the time-dependent Schrödinger equation (TDSE) for the interaction between a single atom with an external electric field, expressed in Hartree atomic units (e = = m = 1) as
where H 0 is the field-free Hamiltonian with an effective potential for the He atom [21] and
, where E(t) = E 0 cos(ωt) cos 2 (πt/τ ) for both the IR and VUV fields. To retain two-dimensional (2D) cylindrical symmetry, we have chosen the linear polarization directions of both the IR and the VUV fields to be parallel. We consider a ten-cycle (full temporal duration τ IR ) IR driving field with peak intensity I IR,0 = |E IR,0 | 2 = 1 × 10 14 W cm −2 and ω IR = 0.0253 (wavelength: 1800 nm). At a delay t d , a five-cycle VUV field of intensity I VUV,0 = 1 × 10 12 W cm −2 is applied. The frequency is chosen to match the energy gap between the ground and the lowest excited state and, hence, depends on the target atom: for He we choose the 33rd harmonic of the 1800 nm driving field. Throughout the following discussion, time will be considered in units of field cycles of the driving field, with t = 0 defined at 4.75 field cycles to coincide with a local field maximum. We have chosen this reference point in time as we will apply the gating VUV pulse either before or after this field maximum.
We have solved the TDSE numerically by using the CrankNicholson method on a grid for which z spans from −200 to 200 au and ρ from 0 to 100 au. An absorbing boundary was placed at z = ±180 au and at ρ = 90 au using the exterior complex scaling method [22] [23] [24] [25] . The size of this grid, in comparison to the maximum quiver radius of the electron wave packet in the IR field of 83.4 a.u., is sufficient to achieve convergence of results. The points were spaced evenly with z = 0.1, ρ = 0.2, and dt = 0.01 a.u. The time-dependent wave function was used to obtain the HHG radiation spectrum as
where d a z is the electron dipole acceleration. An inverse Fourier transform over a selected range of frequencies was used to study the yield of the generated attosecond pulses. We further use the continuous wavelet analysis
where
is the complex Morlet wavelet.
III. SIGNATURES OF MULTIPLE RESCATTERINGS
To establish our capacity to observe and control multiple rescattering events in HHG, two representative cases are presented and discussed regarding the wavelet analysis, the harmonic spectrum and generation of ultrashort pulses.
A. Wavelet analysis
In Fig. 2(a) , the VUV pulse is applied prior to the local maximum of the driving field, at t d = −0.065 field cycles. The wavelet analysis demonstrates a clear signature of multiple reencounters of the wave packet via the emission of harmonics at every half field cycle subsequent to the initial rescattering. Note that the multiple rescatterings occur despite the application of the VUV pulse at a time preceding the corresponding interval in our classical analysis [ Fig. 1(b) ]. This is due to the finite width of the VUV pulse and the dispersion of the wave packet during propagation. The results show that the harmonic emission occurs with similar efficiency at each event. The classically predicted energies of each rescattering event, calculated using ionization times spanning the peak of the VUV field to the subsequent zero of the IR field, are superimposed (black circles) and match well with the results of the quantum-mechanical calculation.
These results are contrasted to those in Fig. 2(b) , in which the peak of the VUV field is placed at t d = 0.129 field cycles, i.e., after the local field maximum. The dominant contribution to the harmonic emission is observed at the first rescattering event, near t = 0.5 optical cycles, without any further significant emission at later times. This is again in agreement with expectations inferred from the classical model, associating this single rescattering event to the recombination of short trajectory electrons. We note as well the participation of these short trajectory events in the previous case of multiple rescatterings: no matter the choice of t d , sufficient population remains excited through the peak of the driving laser field to generate short trajectory events. This shows that the present scheme allows the isolation of short trajectory events, but not long trajectory events, by choosing an appropriate value of t d . Nonetheless, our numerical results clearly confirm that selective control over the appearance of multiple rescatterings can be achieved through the excitation of the atom via an ultrashort VUV pulse.
B. High-harmonic generation spectrum
Evidence of the multiple rescatterings is present both in the frequency and time domains of the radiated signal (Fig. 3) . The HHG spectrum in Fig. 3 (a) (t d = −0.065 field cycles) shows a plateau step structure characteristic of multiple rescattering events. The highest harmonic orders (>110th) are generated in the first rescattering event only [0.5 < t < 1.0 field cycles in Fig. 2(a) ]. The structure in this part of the spectrum results from interference between the so-called short-and long-trajectory contributions. At lower harmonic orders, the HHG spectrum grows in magnitude due to the yields from additional rescattering events and also in complexity due to interferences between events. Both the first and third reencounters of the wave packet increase yield into energies between 95-110 harmonic orders. Between 70-95 harmonic orders, the emission from the first, second, and third rescattering events is present, and so, again, the overall yield is seen to increase, comprising another subplateau. The emission of harmonics below the 70th harmonic order occurs throughout all rescattering events, and thus constitutes another final increase in the overall harmonic yield.
In contrast, for a single rescattering event the resultant HHG plateau shows little interference structure [ Fig. 3(b) ], as photons at each harmonic order are emitted at only one time instant [see Fig. 2(b) ]. Furthermore, there is no evidence of subplateaus throughout the plateau. From this, we conclude that the appearance of subplateaus within the HHG plateau may be used to experimentally identify the presence or absence of multiple rescattering events as the VUV delay time is changed. We expect that the subplateaus will become even more apparent for driving laser fields of greater wavelength or intensity than modeled in this study, as increasing either parameter will also increase the difference between the maximal energies achieved by each rescattering event.
C. Attosecond pulse generation
The existence of multiple rescattering events is further evidenced by examining harmonic emission in the time domain. In Fig. 4 , we consider the temporal signature of multiple rescatterings induced by placing the VUV field at t d = −0.065. By considering each of the subplateaus identified in Fig. 3 , we connect the appearance of individual pulses within the full pulse train [ Fig. 4(d) ] to separate rescattering events. Beginning in Fig. 4(a) , we select energies contributing only to the highest-energy subplateau. As indicated by Fig. 2(a) , these energies contribute exclusively to the first rescattering of the electron wave packet, and thus lead to the formation of an isolated attosecond pulse located between 0.5-1.0 field cycles in Fig. 4(a) . A similar examination of the next subplateau with energies spanning 100-115 harmonic orders leads to the appearance of a new pulse between 1.5-2.0 field cycles, representing the participation of the third rescattering event. Likewise, the transformation of energies between 75-100 harmonic orders constructs an additional pulse between 1.0-1.5 field cycles due to yield from the second rescattering event.
The full temporal picture of the HHG spectrum, considered in Fig. 4(d) , thus forms an attosecond pulse train which can be used as a clear signature of multiple rescatterings in the temporal domain. In Fig. 5 we consider instead the temporal signature of an electron wave packet which rescatters by centering the VUV field at t d = 0.1 field cycles. Considering the same energy ranges as in the previous analysis in Figs. 5(a) to 5(c), we construct in each case an isolated attosecond pulse occurring between 0.5-1.0 field cycles. The suppression of radiation outside of this time interval is caused by the elimination of high-order rescattering events, so that each energy regime receives yield only during the first rescattering. The temporal width and position of the pulse is related to, and thus varies with, the time of emission of the energies it contains. Fig. 4 . Each subpanel reproduces an isolated attosecond pulse corresponding to the single emission event allowed by the placement of the VUV field. The inset figure is reproduced from Fig. 3(b) . Consequently, the pulse containing the largest bandwidth (corresponding to the longest time interval of emission) has the greatest temporal width. This feature is most evident in Fig. 5(d) , for which the transformation of the complete HHG temporal signal shown in Fig. 5(d) is an isolated attosecond pulse.
IV. DEPENDENCE ON DRIVING LASER WAVELENGTH
We now examine how the control strategy generalizes for the resolution of multiple rescattering events using different driving field wavelengths. In Fig. 6 we consider driving HHG using wavelengths of 0.8, 1.2, and 2 μm. In each case, the VUV field is centered at t d = −0.08 field cycles, before the local field maxima and consequently gating for multiple rescattering events. The duration of this pulse is scaled to persist for the same fraction of a field cycle for each driving wavelength to liberate electrons that follow similar trajectories in each case. We also consider an increased field intensity of 2.5 × 10 14 W/cm 2 , which remains weak enough to suppress significant ionization from the ground state relative to the population transferred by the VUV field.
The time-frequency analyses performed in Fig. 6 demonstrates that multiple rescattering events are generated similarly in each case. In the conventional (one pulse) scenario of HHG, including the release of electron wave packets at every half field cycle, short driving wavelengths pose a particular challenge for multiple rescattering resolution due to the decreased energy separation between coincident rescattering events. As the present control scheme enables the isolated release of a single electron wave packet, it is possible to resolve each rescattering event in the wavelet analysis (upper row), even at the shortest driving wavelength. This clearly corresponds to the separation of each rescattering event in the temporal domain, as seen in the second row of Fig. 6 . Here, for each wavelength, we observe the formation of well-defined attosecond pulse trains, where each pulse within the train again corresponds to a different rescattering order.
V. PRODUCTION OF ULTRASHORT LIGHT PULSES WITH TWO VUV FIELDS
Finally, we examine the possibility of applying more than one VUV pulse to yield ultrashort light pulses. To investigate this scenario, we apply two isolated VUV pulses of same peak intensity and wavelength at delay times spaced one half cycle of the driving 1.8-μm IR field apart in time, at t d = −0.53 and t d = −0.03 field cycles. The wavelet analysis of the resulting dipole acceleration in Fig. 7(a) demonstrates two separate sets of multiple rescattering events in agreement with the classical predictions for ionization induced at each of these delay times. Reencounters of the wave packets with the parent ion occur simultaneously for times following 0.5 field cycles. However, the energies emitted by the respective wave packets are distinct at each event. Evidence of two multiple rescattering wave packets is contained within the resulting harmonic signal of Fig. 7(b) . Subplateaus are evident, substantiating multiple revisitations; however, we further note another signature of the presence of two rescattering wavepackets, namely that even harmonic orders are now emitted even throughout the highest energies of the plateau. Instances of coincident rescatterings are apparent in the temporal structure of the emitted radiation as well, shown in Fig. 7(c) for harmonics in excess of the 75th order. The pulse train profile, characteristic of multiple rescatterings, is now modulated by a rapidly beating substructure for all but the first pulse of the train. In the second pulse, shown in Fig. 7(d) , this beating occurs with a period of τ ≈ 3.0 a.u., corresponding to an energy of 80 harmonic orders of the driving field which matches the classically predicted energy difference between photons emitted by simultaneously rescattering wave packets. This difference is proportional to the ponderomotive energy U p so that increasing either the wavelength or intensity of the driving field will decrease τ .
VI. CONCLUSION
We have demonstrated the use of isolated attosecond VUV pulses to target the formation and detection of multiple rescattering trajectories on the single atom level. Gating the moment of ionization with a VUV pulse has been shown to provide conclusive signatures of multiple rescatterings both in the frequency and time domains. Furthermore, the capacity to target multiple wave-packet rescatterings in the HHG process may allow for their further use as experimental tools; for example, in the modulation of ultrashort laser pulses.
